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The Virtual Network Embedding Problem
Substrate GS = (VS, ES)

Represents physical network
I capacities dS : GS → R≥0
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Virtual Network Request Gr = (Vr, Er)

Represents workload
I demands dr : Gr → R≥0
I profit pr ∈ R≥0
I mapping restrictions
. V i

S ⊆ VS for i ∈ Vr
. Ei,j

S ⊆ ES for (i, j) ∈ Er
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Example Substrates & Requests
Data Center Network Wide-Area Network

LB1 LB2

Cache FW

NAT
VM1

VM2

VM3VM4

VM5

Virtual Cluster Service Chain

Customer Internet

Substrates

Requests

Valid Mappings mr ∈Mr and Feasible Embeddings

A valid mapping mr = (mV ,mE) ∈Mr,
with mV : Vr → VS and mE : Er → P(ES),
satisfies . . .
valid connectivity: mV (i) mE(i,j)

; mV (j)
valid node mapping: mV (i) ∈ V i

S

valid edge mapping: mE(i, j) ⊆ Ei,j
S
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Valid Mapping

A feasible
embedding is
valid and
respects
capacity
constraints
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Feasible Embedding

Problem Statement
Given: substrate GS and a set of requests {Gr}r∈R
Task: embed subset R′ ⊆ R feasibly maximizing ∑r∈R′ pr

Previous Works
I survey from 2013 lists more than 100 papers [1]
I only heuristics & exact algorithms known

Randomized Rounding Framework
Enumerative Packing Formulation

max ∑
r∈R

∑
mk
r∈Mr

f kr · pr∑
mk
r∈Mr

f kr≤ 1 ∀r ∈ R∑
r∈R

∑
mk
r∈Mr

f kr · A(mk
r , x)≤ dS(x) ∀x ∈ RS

f kr ∈ [0, 1] ∀r ∈ R,mk
r ∈Mr

result are ‘convex’ combinations of mappings
Dr = {(fkr ,mk

r)|fkr ≥ 0,mk
r ∈Mr} for r ∈ R

Classic Randomized Rounding à la Raghavan & Thomspon [2]
Algorithm: VNEP Approximation
// perform preprocessing
compute optimal LP solution
compute {Dr}r∈R from LP solution
do
solution ← Rounding({Dr}r∈R)

while
(

solution not (α, β, γ)-approximate
and rounding tries not exceeded

)

Algorithm 2: Rounding
Input : Decomp. LP Solution {Dr}r∈R
foreach r ∈ R do
choose mk

r with probability fkr
end
return solution

Derived Heuristics

Vanilla Rounding rounds n many solutions
and return the solution maximizing the profit
(RRMaxProfit) or the one minimizing the
resource augmentations (RRMinLoad).

Heuristic Rounding discards rounded
mappings whose inclusion would exceed
capacities → no resource augmenations.

Our Randomized Rounding Algorithm returns (α, β, γ)-approximate solutions for the VNEP with high probability. [3], [4]

profit︷ ︸︸ ︷
α = 1/3

node resource augmentations︷ ︸︸ ︷
β = 1 + ε ·

(
2 ·∆(VS)︸ ︷︷ ︸
≤|R|·maxr∈R |Vr|

· log(|VS|)
)1/2

edge resource augmentations︷ ︸︸ ︷
γ = 1 + ε ·

(
2 ·∆(ES)︸ ︷︷ ︸
≤|R|·maxr∈R |Er|

· log(|ES|)
)1/2

ε = max
r∈R,x∈RS

dmax(r, x)/dS(x)︸ ︷︷ ︸ ≤ 1

max demand-to-capacity ratio

∆(X) = max
x∈X

∑
r∈R

(
Amax(r, x)︸ ︷︷ ︸

max alloc. on resource x
by any valid mapping of r

/ dmax(r, x)︸ ︷︷ ︸
max single demand for
resource x by request r

)2

Main Contribution: Decomposable Linear Programming Formulations
Classic Multi-Commodity Flow LP

yu
r,i ∈ [0,1]: maps node i ∈ Vr on VS

zu,v
r,i,j ∈ [0,1]: maps edge (i, j) ∈ Er on (u, v) ∈ ES∑

(u,v)∈δ+(u)
zu,v

r,i,j −
∑

(v,u)∈δ−(u)
zv,u

r,i,j = yu
r,i − yu

r,j

Local Connectivity Property
Given a (fractional) mapping of i ∈ Vr to u ∈ VS,

a ‘valid’ mapping can be recovered for edges
incident to i and their respective endpoints.
Consider (i, j) ∈ Er and yur,i > 0, then

∃P : u; v with yvr,j > 0 and zer,i,j > 0 for e ∈ P.
Consider (k, i) ∈ Er and yur,i > 0, then

∃P : w ; u with ywr,k > 0 and zer,k,i > 0 for e ∈ P.

Thm: MCF LP solutions
cannot be decomposed
into valid mappings.
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Idea of Novel LP Formulation [4]

I { 〈(i, j), (j, k)〉 , 〈(i, k)〉 } is confluence.
I Confl. targets need to be decided a priori.
. Label edges by confluence targets.
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I Outgoing edges are partitioned into bags:
b

c

a

k

{k}{a, b, c}
I Edges with

overlapping labels are
placed into same bag.

I Extraction Width (of specific order):
maximal edge bag size plus one.

Extraction Width & Formulation Size [4]

I For spec. extraction order GXr , the size of our
novel LP formulation is O(|GS|ewX (GXr ) · |Gr|).

I Thm: Finding order of min width is NP-hard.

(FPT-)Approximating the VNEP [3], [4]

I LP Solutions can be decomposed into set Dr
of weighted mappings (cf. Packing LP).

I FPT-approximations for the VNEP; poly.-time
approximations for cactus request graphs.

Hardness of Approximating the VNEP [5]

We cannot do better than FPT: computing valid
mappings is NP-complete for planar graphs.

Computational Evaluation [3]

Requests
I Cactus Graphs
Substrate
I GEANT Network
Parameter Space
I Node Resources
I Edge Resources
I Number Requests
Baseline
I Integer Program

Vanilla Rounding: Max Profit & Min Augmentations
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Heuristic Rounding
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